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Abstract. The Lagrangians and Hamiltonians of classical field theory require to comprise
gauge fields in order to be form-invariant under local gauge transformations. These gauge
fields have turned out to correctly describe pertaining elementary particle interactions. In
this paper, this principle is extended to require additionly the form-invariance of a classical
field theory Hamiltonian under variations of the space-time curvature emerging from the
gauge fields. This approach is devised on the basis of the extended canonical transformation
formalism of classical field theory which allows for transformations of the space-time metric
in addition to transformations of the fields. Working out the Hamiltonian that is form-invariant
under extended local gauge transformations, we can dismiss the conventional requirement for
gauge bosons to be massless in order for them to preserve the local gauge invariance. The
emerging equation of motion for the curvature scalar R turns out to be compatible with that
from a Proca system in the case of a static gauge field.
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1. Introduction
The principle of local gauge invariance has been proven to be an eminently fruitful device
for deducing all elementary particle interactions of the standard model. With this paper, a
generalization of the conventional gauge transformation formalism will be presented that
extends the requirement of local gauge invariance under linear transformation of the fields
to also demand local invariance under transformations of the space-time metric. Thereby,
the well-known formal similarities between non-Abelian gauge theories and general relativity
(Ryder 2009, p 409, Cheng and Li 2000, p 163) are incorporated in a natural way into the
gauge transformation formalism. We know from general relativity that energy — and hence
mass — is the source of curvature of space-time. As conventional gauge theories do not
contain any interaction terms with the space-time curvature, it appears evident that massive
gauge fields cannot emerge in this description.
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Conventional gauge theories are commonly derived on the basis of Lagrangians of
relativistic field theory (cf, for instance, Ryder 1996, Griffiths 2008). Although perfectly
valid, the Lagrangian formulation of gauge transformation theory is not the optimum choice.
The reason is that in order for a Lagrangian transformation theory to be physical, hence to
maintain the action principle, it must be supplemented by additional structure, referred to as
the minimum coupling rule, or the so-called covariant derivative, the latter being distinct from
that of Riemannian geometry.
In contrast, the formulation of gauge theories in terms of covariant Hamiltonians —
each of them being equivalent to a corresponding Lagrangian — may exploit the framework
of the canonical transformation formalism. With the transformation rules for fields and their
canonical conjugates being derived from generating functions, it is automatically assured that
the action principle is preserved, hence that the actual gauge transformation is physical. No
additional structure needs to be incorporated for setting up an amended Hamiltonian that is
locally gauge-invariant on the basis of a given globally gauge-invariant Hamiltonian.
Prior to working out the general local U(N) gauge theory in the extended canonical
formalism in section 5, a concise introduction of the concept of extended Lagrangians and
Hamiltonians and their subsequent field equations is presented in sections 2 and 3. In
these sections, we restrict ourselves to trivial extended Lagrangians and Hamiltonians that
are directly obtained on the basis of given conventional (non-extended) Lagrangians and
Hamiltonians of our physical systems. The trivial extended Lagrangians and Hamiltonians
do not determine the dynamics of the space-time metric (as does the Hilbert Lagrangian of
general relativity which yields the Einstein equations), but rather allow for arbitrary variations
of the space-time metric. This necessary precondition provides the foundation on which
the extended canonical transformation theory for the realm of classical field theory will be
sketched in section 4.
The U(N) gauge theory, outlined in section 5, is then based on a generating function that
in the first step merely describes the demanded transformation of the fields in iso-space. As
usual, this transformation forces us to introduce gauge fields that render an appropriately
amended Hamiltonian locally gauge invariant. The emerging transformation law for the
gauge fields then gives rise to introduce a corresponding amended generating function that
additionly defines this transformation law for the gauge fields. As the characteristic feature of
the canonical transformation formalism, this amended generating function also provides the
transformation law for the conjugate fields and for the Hamiltonian. This way, we directly
encounter the Hamiltonian representation of the well-established U(N) gauge theory. Yet,
by not requiring the gauge field momentum tensor to be skew-symmetric, an additional term
emerges that is related to the connection coefficients (“Christoffel symbols”) of Riemannian
geometry. Treating these coefficients in complete analogy to the gauge fields, we set up
a second amended generating function that also describes the transformation law of the
Christoffel symbols. The complete set of the subsequent canonical transformation rules for
the base fields, the gauge fields, the connection coefficients, and the respective canonical
conjugate fields then provides us with a second amended Hamiltonian that is form-invariant
in all its constituents.
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The set of canonical field equations emerging from this gauge-invariant Hamiltonian
now yields an additional set of canonical equations for the Riemann curvature tensor, with the
gauge fields acting as source terms. The related equation of motion for the curvature scalar
R is shown to be compatible with the corresponding equation for a Proca system in the case
of static gauge fields.
In the field equation for the gauge fields, the Ricci tensor then emerges as a mass factor.
Thus, in our description, the gauge fields engender the curvature, whereas the curvature acts
as the mass factor of the gauge fields. Hence, general relativity is incorporated in a natural
way into the fruitful concept of requiring local gauge invariance of our physical system.
2. Extended Lagrangians L1 in the realm of classical field theory
2.1. Variational principle, extended set of Euler-Lagrange field equations
The Lagrangian description of the dynamics of a continuous system (e.g. Jose´ and Saletan
1998) is based on the Lagrangian density function L that is supposed to convey the complete
information on the given physical system. In a first-order field theory, the Lagrangian density
L is defined to depend on I = 1, . . . , N — possibly interacting — fields φI(x), on the vector
of independent variables x, and on the first derivatives of the fields φI with respect to the
independent variables, i.e., on the covariant vectors (1-forms)
∂φI
∂x
≡
(
∂φI
∂ct
,
∂φI
∂x
,
∂φI
∂y
,
∂φI
∂z
)
≡
(
∂φI
∂xµ
)
.
The Euler-Lagrange field equations are then obtained as the zero of the variation δS of the
action integral
S =
∫
L
(
φI ,
∂φI
∂x
,x
)
d4x (1)
as
∂
∂xj
∂L
∂
(
∂φI
∂xj
) − ∂L
∂φI
= 0. (2)
In analogy to the extended formalism of point mechanics (Struckmeier 2005, Struckmeier
2009), we can directly cast the action integral from Eq. (1) into a more general form by
decoupling its integration measure from a possibly explicit x-dependence of the Lagrangian
density L
S =
∫
R′
L
(
φI ,
∂φI
∂x
,x
)
det Λ d4y. (3)
Herein, det Λ 6= 0 stands for the determinant of the Jacobi matrix Λ = (Λµν′) that is associated
with a regular transformation x 7→ y of the independent variables
Λ = (Λµν′) =


∂x0
∂y0
. . . ∂x
0
∂y3
.
.
.
.
.
.
.
.
.
∂x3
∂y0
. . . ∂x
3
∂y3

 , det Λ = ∂(x0, . . . , x3)
∂(y0, . . . , y3)
6= 0
Λµν′(y) =
∂xµ(y)
∂yν
, Λµ
′
ν (x) =
∂yµ(x)
∂xν
, Λαν′Λ
µ′
α = Λ
µ
α′Λ
α′
ν = δ
µ
ν . (4)
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Here, the prime indicates the location of the new independent variables, yν . As this
transformation constitutes a mapping of the space-time metric, we refer to the Λµν′ as the
space-time distortion coefficients. The integrand of Eq. (3) can be thought of as defining an
extended Lagrangian density L1,
L1
(
φI(y),
∂φI(y)
∂y
,x(y),
∂x(y)
∂y
)
= L
(
φI(y),Λk
′
ν
∂φI(y)
∂yk
,x(y)
)
det Λ. (5)
With regard to the argument list ofL1, the now dependent variables x0, . . . , x3 can be regarded
as an extension of the set of fields φI , I = 1, . . . , N . In other words, the xµ(y) are treated on
equal footing with the fields φI(y). In terms of the extended LagrangianL1, the action integral
over d4y from Eq. (3) is converted into an integral over an autonomous Lagrangian, hence over
a Lagrangian that does not explicitly depend on its independent variables yν,
S =
∫
R′
L1
(
φI(y),
∂φI
∂y
,x(y),
∂x
∂y
)
d4y. (6)
As this action integral has exactly the form of the initial one from Eq. (1), the Euler-Lagrange
field equations emerging from the variation of Eq. (6) take on form of Eq. (2)
∂
∂yj
∂L1
∂
(
∂φI
∂yj
) − ∂L1
∂φI
= 0,
∂
∂yj
∂L1
∂
(
∂xµ
∂yj
) − ∂L1
∂xµ
= 0. (7)
With the φI embodying scalar fields, the derivatives ∂φI/∂xµ define a covariant vector for
each field I = 1, . . . , N . Provided that the Lagrangian L represents a Lorentz scalar, hence
L1 a scalar density, then the form of the Euler-Lagrange equations (7) is maintained under
transformations of the space-time metric.
If the Lagrangians L,L1 are to describe the dynamics of a vector field aµ in place of a
scalar field φI , then the Euler-Lagrange equations take on the form
∂
∂xj
∂L
∂
(
∂aµ
∂xj
) − ∂L
∂aµ
= 0,
∂
∂yj
∂L1
∂
(
∂aµ
∂yj
) − ∂L1
∂aµ
= 0. (8)
Yet, the derivatives ∂aµ/∂xν do not transform as tensors. This means that the Euler-Lagrange
equations (8) are not form-invariant under arbitrary transformations of the space-time metric.
We must therefore assume our reference system to be a local inertial frame, whose metric is
given by the Minkowski metric gµν ≡ ηµν ≡ diag(−1, 1, 1, 1). Any field equation that holds
in this frame must then finally be converted into a tensor equation in order to hold as well
in a frame with arbitrary metric gµν . This can always be achieved by converting the partial
derivatives of the vector field components aµ into covariant derivatives.
2.2. Equations for the trivial extended Lagrangian L1
In oder to show that the conventional Lagrangian L description of a dynamical system is
compatible with the corresponding description in terms of extended Lagrangians, we must
make use of the following identities
∂φI
∂xα
=
∂φI
∂yi
∂yi
∂xα
=⇒
∂
(
∂φI
∂xα
)
∂
(
∂φI
∂yν
) = δνi ∂yi∂xα =
∂yν
∂xα
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=⇒
∂
(
∂φI
∂xα
)
∂
(
∂yν
∂xµ
) = ∂φI
∂yi
δiνδ
µ
α =
∂φI
∂yν
δµα
∂xν
∂yi
∂yi
∂xµ
= δνµ =⇒
∂
(
∂yν
∂xµ
)
∂
(
∂xα
∂yβ
) = −∂yν
∂xα
∂yβ
∂xµ
=⇒
∂
∂yi
(
∂yi
∂xµ
)
= −
∂2xk
∂yi∂yj
∂yi
∂xk
∂yj
∂xµ
∂
(
∂φI
∂xα
)
∂
(
∂xµ
∂yν
) = ∂
(
∂φI
∂xα
)
∂
(
∂yj
∂xi
) ∂
(
∂yj
∂xi
)
∂
(
∂xµ
∂yν
) = −∂φI
∂yj
∂yj
∂xµ
∂yν
∂xα
= −
∂φI
∂xµ
∂yν
∂xα
∂xν
∂yi
∂ det Λ
∂
(
∂xµ
∂yi
) = δνµ det Λ ⇐⇒ ∂ det Λ
∂
(
∂xµ
∂yν
) = ∂yν
∂xµ
det Λ
∂ det Λ
∂yµ
=
∂2xi
∂yj∂yµ
∂yj
∂xi
det Λ =⇒
∂
∂yi
(
∂yi
∂xµ
det Λ
)
≡ 0, (9)
with the last two lines following directly from the definition of the determinant.
The correlation (5) of the extended Lagrangian L1 and conventional Lagrangian L
emerges from the requirement of Eq. (3) to yield the identical action S, hence to describe
the same physical system. If we are given a given conventional Lagrangian L and set up the
extended Lagrangian L1 = L detΛ by merely multiplyingLwith det Λ, then L1 is referred to
as a trivial extended Lagrangian. This correlation is readily shown to induce an identity that
holds for any trivial extended Lagrangian L1 = L detΛ. As det Λ only depends on the space-
time distortion coefficients Λµν′ , the derivatives of the trivial L1 from Eq. (5) with respect to
its arguments are then
∂L1
∂φI
=
∂L
∂φI
det Λ,
∂L1
∂xµ
=
∂L
∂xµ
∣∣∣∣
expl
det Λ, (10)
where the notation “expl” indicates the explicit dependence of the conventional Lagrangian L
on the xµ, and
∂L1
∂
(
∂φI
∂yν
) = ∂L
∂
(
∂φI
∂xi
) ∂yν
∂xi
det Λ
∂L1
∂
(
∂xµ
∂yν
) = L ∂ det Λ
∂
(
∂xµ
∂yν
) + ∂L
∂
(
∂φI
∂xi
) ∂
(
∂φI
∂xi
)
∂
(
∂xµ
∂yν
) det Λ
= L
∂yν
∂xµ
det Λ−
∂L
∂
(
∂φI
∂xi
) ∂φI
∂xµ
∂yν
∂xi
det Λ
=

δiµL − ∂L
∂
(
∂φI
∂xi
) ∂φI
∂xµ

 ∂yν
∂xi
det Λ
= −t iµ (x)
∂yν
∂xi
det Λ = −t νi (y)
∂yi
∂xµ
det Λ
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= −t˜ iµ (x)
∂yν
∂xi
= −t˜ νi (y)
∂yi
∂xµ
, (11)
with t νµ denoting the energy-momentum tensor, and t˜ νµ the corresponding tensor density at
the same space-time location
t νµ (x) =
∂L
∂
(
∂φI
∂xν
) ∂φI
∂xµ
− δνµL, t˜
ν
µ (x) = t
ν
µ (x) det Λ. (12)
Furthermore,
∂L1
∂
(
∂xµ
∂yi
) ∂xν
∂yi
= δνµL det Λ−
∂L
∂
(
∂φI
∂xν
) ∂φI
∂xµ
det Λ = −t νµ det Λ
∂L1
∂
(
∂xi
∂yν
) ∂xi
∂yµ
= δνµL1 −
∂L
∂
(
∂φI
∂xi
) ∂φI
∂yµ
∂yν
∂xi
det Λ (13)
Summing Eqs. (11) and (13), we finally find for the trivial L1
∂L1
∂
(
∂φI
∂yν
) ∂φI
∂yµ
+
∂L1
∂
(
∂xi
∂yν
) ∂xi
∂yµ
= δνµL1. (14)
In the derivation of Eq. (13), we have made use of the fact thatL is a conventional Lagrangian,
i.e. a Lagrangian that depends on the space-time distortion coefficients Λµν′ only indirectly via
the reparameterization condition (5) applied to its velocities,
∂φI
∂xµ
=
∂φI
∂yα
∂yα
∂xµ
= Λα
′
µ
∂φI
∂yα
.
Defining the extended energy-momentum tensor similarly to the conventional one from
Eq. (12)
T νµ =
∂L1
∂
(
∂φI
∂yν
) ∂φI
∂yµ
+
∂L1
∂
(
∂xi
∂yν
) ∂xi
∂yµ
− δνµL1, (15)
we thus have
T νµ = 0.
For a trivial extended Lagrangian L1, all elements of the extended energy-momentum
tensor (15) thus always vanish.
For a given conventional Lagrangian L, the related trivial extended Lagrangian L1 =
L detΛ is a homogeneous function of degree 4 in the “velocities”, since for any k ∈ R
k
∂φI
∂yj
1
k
∂yj
∂xµ
=
∂φI
∂xµ
L1
(
φI , k
∂φI
∂yν
, xµ, k
∂xµ
∂yν
)
= L
(
φI ,
∂φI
∂xµ
, xµ
)
det(kΛ)
= L
(
φI ,
∂φI
∂xµ
, xµ
)
k4 det Λ
= k4L1
(
φI ,
∂φI
∂yν
, xµ,
∂xµ
∂yν
)
.
Generalized U(N) gauge theory 7
In that particular case, Eq. (14) represents the Euler identity for homogeneous functions,
which is automatically satisfied owing to the construction of L1. Then, the left-hand side
Euler-Lagrange equation from Eq. (7) is equivalent to the conventional Euler-Lagrange
equation (2)
∂L1
∂φI
=
∂
∂yj
∂L1
∂
(
∂φI
∂yj
) = ∂
∂yj

 ∂L
∂
(
∂φI
∂xi
)

 ∂yj
∂xi
det Λ +
∂L
∂
(
∂φI
∂xi
) ∂
∂yj
(
∂yj
∂xi
det Λ
)
︸ ︷︷ ︸
≡0
=
∂
∂xi

 ∂L
∂
(
∂φI
∂xi
)

 det Λ Eq. (10)= ∂L
∂φI
det Λ
=⇒
∂L
∂φI
=
∂
∂xi

 ∂L
∂
(
∂φI
∂xi
)

 .
The right-hand side Euler-Lagrange equation from Eq. (7) does not provide any information
on the dynamics of the space-time distortion coefficients. This is what we expect as a
conventional Lagrangian L cannot describe the dynamics of the space-time geometry. Yet,
this equation quantifies the divergence of the µ-th column of the energy-momentum tensor
due to an explicit dependence of L on xµ,
∂L1
∂xµ
=
∂
∂yj
∂L1
∂
(
∂xµ
∂yj
) = −∂t iµ
∂yj
∂yj
∂xi
det Λ− t iµ
∂
∂yj
(
∂yj
∂xi
det Λ
)
︸ ︷︷ ︸
≡0
= −
∂t iµ
∂xi
det Λ
Eq. (10)
=
∂L
∂xµ
∣∣∣∣
expl
det Λ
=⇒
∂L
∂xµ
∣∣∣∣
expl
= −
∂t iµ
∂xi
. (16)
Thus, if L has an explicit dependence on the independent variable xµ, then external forces are
present and the four-force density is non-zero.
2.3. Non-trivial extended Lagrangian L1
If L1 is the primary function to describe our physical system, then an equivalent conventional
Lagrangian L = L1/ det Λ generally does not exist as L is supposed to not depend on
the space-time distortion coefficients Λµν′ . Then L1 is no more homogeneous in the yν-
derivatives of the φI and xµ in general, hence the condition (14) does not hold for non-
trivial extended Lagrangians L1. The Euler-Lagrange equations (7) involving the space-time
distortion coefficients then determine the dynamics of these coefficients. In this paper, we
only consider trivial extended Lagrangians.
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3. Extended HamiltoniansH1 in classical field theory
3.1. Extended canonical field equations
For a covariant Hamiltonian description, we must define momentum fields piµI and p˜i
µ
I as the
dual quantities of the derivatives of the fields
piµI (x) =
∂L
∂
(
∂φI
∂xµ
) , p˜iνI (y) = ∂L1
∂
(
∂φI
∂yν
) . (17)
According to Eqs. (11), the momentum fields p˜iνI emerging from the extended Lagrangian
density L1 transform as
p˜iνI (y) = pi
j
I(x)
∂yν
∂xj
det Λ ⇐⇒ piνI (x) = p˜i
j
I(y)
∂xν
∂yj
1
det Λ
. (18)
Therefore,
p˜iνI = pi
ν
I det Λ, p˜i
ν
I (y) = p˜i
j
I(x)
∂yν
∂xj
, piνI (y) = pi
j
I(x)
∂yν
∂xj
,
which shows that p˜iνI represent tensor densities, as indicated by the tilde, whereas the piνI
transform as absolute tensors.
Similar to the momentum field p˜iνI (y) constituting the dual counterpart of the Lagrangian
variable ∂φI(y)/∂yν , we define the canonical variable t˜ νµ as the dual quantity to ∂xµ(y)/∂yν .
Clearly, t˜ νµ follows similarly to Eq. (17) from the partial derivative of the extended Lagrangian
density L1 with respect to ∂xµ/∂yν ,
t˜ νµ = −
∂L1
∂
(
∂xµ
∂yν
) = t˜ νj (y) ∂yj∂xµ = t˜ jµ (x)
∂yν
∂xj
. (19)
We can now introduce both, the Hamiltonian densityH and the extended Hamiltonian density
H1 as the covariant Legendre transforms of the Lagrangian density L and of the extended
Lagrangian density L1, respectively
H(φI , piνI , x
µ) = pijI
∂φI
∂xj
− L
(
φI ,
∂φI
∂xµ
, xµ
)
(20)
H1(φ
I , p˜iνI , x
µ, t˜ νµ ) = p˜i
j
I
∂φI
∂yj
− t˜ ji
∂xi
∂yj
− L1
(
φI ,
∂φI
∂yν
, xµ,
∂xµ
∂yν
)
. (21)
The trivial extended Lagrangian density L1 in Eq. (21) is related to L according to Eq. (5).
Replacing then L according to the Legendre transformation from Eq. (20) by H, we obtain
the correlation of extended and conventional Hamiltonian densities,
H1 = p˜i
j
I
∂φI
∂yj
− t˜ ji
∂xi
∂yj
−L det Λ
= pikI
∂yj
∂xk
∂φI
∂yj
det Λ− t˜ ji
∂xi
∂yj
− pijI
∂φI
∂xj
det Λ +H det Λ.
As the first and the third term on the right-hand side cancel, the trivial extended Hamiltonian
densityH1 is related to the conventional Hamiltonian densityH by
H1(φ
I , p˜iI ,x, t˜µ) = −t˜
j
i
∂xi
∂yj
+H(φI ,piI ,x) det Λ. (22)
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According to Eq. (11), the function ∂L1/∂(∂xµ/∂yν) is related to the component t νµ of the
energy-momentum tensor. Thus, t˜ νµ as the dual counterpart of ∂xµ/∂yν is
t˜ νµ = t
j
µ (x)
∂yν
∂xj
det Λ ⇐⇒ t νµ (x) = t˜
j
µ
∂xν
∂yj
1
det Λ
. (23)
Expressed in terms of the scalar function t jj (x), the trivial extended Hamiltonian densityH1
from Eq. (22) is given by
H1 =
(
H− t jj (x)
)
det Λ. (24)
According to Eq. (17) and the conventional set of Euler-Lagrange equations (2), the
conventional Hamiltonian H, defined in Eq. (20), satisfies the conventional set of covariant
canonical equations
∂H
∂piµI
=
∂φI
∂xµ
,
∂H
∂φI
= −
∂L
∂φI
= −
∂pijI
∂xj
,
∂H
∂xµ
∣∣∣∣
expl
= −
∂L
∂xµ
∣∣∣∣
expl
. (25)
We can now check whether the so-defined extended Hamiltonian density H1 satisfies the
extended set of the canonical equations. To this end, we calculate the partial derivatives ofH1
from Eq. (22) with respect to all canonical variables,
∂H1
∂p˜iνI
=
∂H
∂pikJ
∂pikJ
∂p˜iνI
det Λ =
∂φJ
∂xk
δIJ
∂xk
∂yν
=
∂φI
∂yν
∂H1
∂t˜ νµ
=
∂t ii
∂t˜ νµ
det Λ = −
∂xi
∂yj
∂t˜ ji
∂t˜ νµ
= −
∂xi
∂yj
δjνδ
µ
i = −
∂xµ
∂yν
∂H1
∂φI
=
∂H
∂φI
det Λ = −
∂pikI
∂xk
det Λ = −
∂xk
∂yj
∂p˜ijI
∂xk
= −
∂p˜ijI
∂yj
∂H1
∂xµ
= −
∂L1
∂xµ
= −
∂
∂yj
∂L1
∂
(
∂xµ
∂yj
) = ∂t˜ jµ
∂yj
. (26)
The extended Hamiltonian density H1 thus indeed satisfies the extended set of canonical
equations. Obviously, the Hamiltonian H1 — through its φI and xµ dependencies — only
determines the divergences ∂p˜ijI/∂yj and ∂t˜ jµ /∂yj of both the canonical momentum vectors
and the columns of the energy-momentum tensor density but not the individual components
p˜iνI and t˜ νµ . Consequently, the p˜iνI and t˜ νµ are only determined by the Hamiltonian H1 up to
divergence-free functions. This freedom can be exploited to convert both, the covariant and
the contravariant representations of the energy-momentum tensor into a symmetric form.
The general form of the extended set of canonical equations (26) yields for the
trivial extended Hamiltonian (22) an identity for the equation for the space-time distortion
coefficients
∂xµ
∂yν
= −
∂H1
∂t˜ νµ
=
∂xµ
∂yν
. (27)
This means that a trivial extended Hamiltonian does not determine the dynamics of the space-
time geometry. Rather, it merely allows for a variation of the space-time metric.
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The conjugate field equation quantifies the divergence of the energy-momentum tensor
density t˜ νµ from the xµ-dependent terms of the trivial extended Hamiltonian (22)
∂t˜ αµ
∂yα
=
∂H1
∂xµ
=
∂H
∂xµ
∣∣∣∣
expl
det Λ. (28)
On the other hand, we have
∂t˜ αµ
∂yα
=
∂
∂yα
(
t βµ
∂yα
∂xβ
det Λ
)
=
∂t βµ
∂yα
∂yα
∂xβ
det Λ + t βµ
∂
∂yα
(
∂yα
∂xβ
det Λ
)
︸ ︷︷ ︸
=0
=
∂t αµ
∂xα
det Λ,
so that
∂t αµ
∂xα
=
∂H
∂xµ
∣∣∣∣
expl
,
in agreement with Eqs. (16) and (25). The trivial extended Hamiltonian (22) thus simply
reproduces the field equations of the conventional covariant Hamiltonian H while allowing
for arbitrary changes of the space-time metric. This property will be crucial for setting up an
extended canonical transformation theory where mappings of the space-time metric are made
possible in addition to the usual mappings of the fields and their canonical conjugates.
The action integral from Eq. (6) can be equivalently expressed in terms of the extended
Hamiltonian densityH1 by applying the Legendre transform (21)
S =
∫
R′
(
p˜ijI
∂φI
∂yj
− t˜ ji
∂xi
∂yj
−H1
(
φI , p˜iνI , x
µ, t˜ νµ
))
d4y. (29)
This representation of the action integral forms the basis on which extended canonical
transformations will be defined in Sect. 4.
In case that the extended Lagrangian describes the dynamics of a (covariant) vector field,
aµ, rather than the dynamics of a set of scalar fields, φI , the canonical momentum fields are
to be defined as
p˜µν(y) =
∂L1
∂
(
∂aµ
∂yν
) . (30)
From the transformation rule for a covariant vector field
aµ(x) = aα(y)
∂yα
∂xµ
,
the rule for its partial derivatives follows as
∂aµ(x)
∂xν
=
∂aα(y)
∂yβ
∂yα
∂xµ
∂yβ
∂xν
+ aα(y)
∂2yα
∂xµ∂xν
.
Thus
∂
(
∂aµ(x)
∂xν
)
∂
(
∂aξ(y)
∂yη
) = δξαδηβ ∂yα∂xµ
∂yβ
∂xν
=
∂yξ
∂xµ
∂yη
∂xν
.
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The canonical momentum fields p˜µν(y) then transform according to
p˜µν(y) =
∂L det Λ
∂
(
∂aα(x)
∂xβ
) ∂
(
∂aα(x)
∂xβ
)
∂
(
∂aµ(y)
∂yν
)
= pαβ(x)
∂yµ
∂xα
∂yν
∂xβ
det Λ
= pµν(y) det Λ.
Similar to Eq. (18), the momentum fields p˜µν and pµν represent the “extended” and the
conventional conjugates of a vector field aµ.
3.2. Extended energy-momentum tensor
The Hamiltonian formulation of the extended version of the energy-momentum tensor from
Eqs. (15) is defined by
T νµ = H1 δ
ν
µ + p˜i
ν
I
∂φI
∂yµ
− δνµ p˜i
k
I
∂φI
∂yk
− t˜ νi
∂xi
∂yµ
+ δνµ t˜
k
i
∂xi
∂yk
. (31)
Inserting into (31) the definitions (17) and (19) of the canonical conjugates p˜iνI and t˜νµ of
the variables φI and xµ, respectively, the identity (14) that holds for the trivial extended
Lagrangian L1 is expressed in terms of T νµ with H1 the trivial extended Hamiltonian from
Eq. (24) as
T νµ = 0.
For the trivial extended Hamiltonian, all elements of the extended energy-momentum
tensor (31) thus always vanish, which is in accordance with the corresponding Lagrangian
formulation from Eq. (15).
Making use of the extended set of canonical field equations (26), we can directly
verify that the divergence of the extended energy-momentum tensor T νµ (y) vanishes for all
indexes µ
∂T jµ (y)
∂yj
=
(
∂H1
∂φI
∂φI
∂yj
+
∂H1
∂p˜iiI
∂p˜iiI
∂yj
+
∂H1
∂xi
∂xi
∂yj
+
∂H1
∂t˜ ki
∂t˜ ki
∂yj
)
δjµ
+
∂p˜ijI
∂yj
∂φI
∂yµ
+
✟
✟
✟
✟
✟✟
p˜ijI
∂2φI
∂yµ∂yj
− δjµ
∂p˜ikI
∂yj
∂φI
∂yk
−
✟
✟
✟
✟
✟
✟✟
δjµp˜i
k
I
∂2φI
∂yk∂yj
−
∂t˜ ji
∂yj
∂xi
∂yµ
−
✟
✟
✟
✟
✟✟
t˜ ji
∂2xi
∂yµ∂yj
+ δjµ
∂t˜ ki
∂yj
∂xi
∂yk
+
✟
✟
✟
✟
✟
✟✟
δjµt˜
k
i
∂2xi
∂yk∂yj
= −
∂p˜ikI
∂yk
∂φI
∂yµ
+
∂φI
∂yi
∂p˜iiI
∂yµ
+
∂t˜ ki
∂yk
∂xi
∂yµ
−
∂xi
∂yk
∂t˜ ki
∂yµ
+
∂p˜ijI
∂yj
∂φI
∂yµ
−
∂p˜ikI
∂yµ
∂φI
∂yk
−
∂t˜ ji
∂yj
∂xi
∂yµ
+
∂t˜ ki
∂yµ
∂xi
∂yk
= 0.
Thus, in the extended description in terms of L1 andH1, energy and momentum densities are
formally always preserved.
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4. Extended canonical transformations
4.1. Generating function of type F1
We may set up the condition for canonical transformations that include a mapping x(y) 7→
X (y) of the parameterizations of source and target systems, x and X , respectively, with yµ
being the common independent variables of both systems. We again require the action integral
— this time in the formulation of Eqs. (6) and (29) — to be conserved under the action of the
transformation. I.e., its integrand is determined up to the divergence of a 4-vector function
F 1 = F 1(φ
I , xµ,ΦI , Xµ) of the sets of original fields φI(y) and transformed fields ΦI(y) in
conjunction with the original variables xµ(y) and transformed variables, X(y)
L1 = L
′
1 +
∂F j1
∂yj
⇐⇒
p˜ijI
∂φI
∂yj
− t˜ ji
∂xi
∂yj
−H1
(
φI , p˜iνI , x
µ, t˜ νµ
)
= Π˜jI
∂ΦI
∂yj
− T˜ ji
∂X i
∂yj
−H′1
(
ΦI , Π˜νI , X
µ, T˜ νµ
)
+
∂F j1
∂yj
. (32)
Since the independent variables yµ are not transformed, we can set up at any space-time
location y a local inertial (geodesic) coordinate system, in which the tensor form of the
divergence of a functionF 1(φI ,ΦI , xµ, Xµ) is just the ordinary divergence
∂F j1
∂yj
=
∂F j1
∂φI
∂φI
∂yj
+
∂F j1
∂ΦI
∂ΦI
∂yj
+
∂F j1
∂xi
∂xi
∂yj
+
∂F j1
∂X i
∂X i
∂yj
. (33)
Comparing the coefficients of Eqs. (32) and (33), we find the extended local coordinate
representation of the field transformation rules induced by the extended generating function
F 1(φ
I ,ΦI , xµ, Xµ)
p˜iµI =
∂Fµ1
∂φI
, Π˜µI = −
∂Fµ1
∂ΦI
, t˜ µν = −
∂Fµ1
∂xν
, T˜ µν =
∂Fµ1
∂Xν
, H′1 = H1.
(34)
The value of the extended Hamiltonian H1 is thus conserved under extended canonical
transformations. Hence, the new extended Hamiltonian density H′1(ΦI , Π˜I , Xµ, T˜ νµ ) is
obtained by simply expressing the original extended HamiltonianH1(φI , p˜iνI , xµ, t˜ νµ ) in terms
of the transformed fields ΦI , Π˜νI , the transformed space-time locationXµ, and the transformed
energy-momentum tensor density, T˜ νµ .
The transformation rule for the conventional Hamiltonian density H 7→ H′ is obtained
from H′1 = H1 by inserting the definition (22) of the extended Hamiltonian
H′ det Λ′ − T˜ ji
∂X i
∂yj
= H det Λ− t˜ ji
∂xi
∂yj
, det Λ′ =
∂(X0, . . . , X3)
∂(y0, . . . , y3)
. (35)
4.2. Generating function of type F2
The generating function of an extended canonical transformation can alternatively be
expressed in terms of a function F2 of the original fields φI and the original space-time
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coordinates, xµ and of the new conjugate fields Π˜µI and the new energy-momentum tensor
density T˜ µν . In order to derive the pertaining transformation rules, we perform the extended
Legendre transformation
F
µ
2 (φ
I , Π˜νI , x
µ, T˜ µν ) = F
µ
1 (φ
I ,ΦI , xµ, Xµ) + ΦIΠ˜µI −X
jT˜ µj . (36)
The subsequent transformation rules are obtained as
p˜iµI =
∂Fµ2
∂φI
, ΦIδµν =
∂Fµ2
∂Π˜νI
, t˜ µν = −
∂Fµ2
∂xν
, Xαδµν = −
∂Fµ2
∂T˜ να
, H′1 = H1,
(37)
which are equivalent to the set (34) by virtue of the Legendre transformation (36) if
det(∂2Fµ1 /∂φ
K∂ΦL) 6= 0 for all matrices µ = 0, . . . , 3, in conjunction with the conditions
det Λ 6= 0 and det Λ′ 6= 0.
4.3. Invariance of the extended energy-momentum tensor T νµ under extended canonical
transformations
Inserting the transformation rules for the original variables pertaining to the generating
function of type F1 from Eq. (34) into the Hamiltonian representation of the extended energy-
momentum tensor (31), one finds
T νµ = H1 δ
ν
µ +
∂Fν1
∂φI
∂φI
∂yµ
+
∂Fν1
∂xi
∂xi
∂yµ
− δνµ
(
∂Fk1
∂φI
∂φI
∂yk
+
∂Fk1
∂xi
∂xi
∂yk
)
.
The derivatives of F1 with respect to the original variables φI and xi can be converted into
derivatives with respect to the transformed variables ΦI and X i according to Eq. (33), which
yields withH1 = H′1
T νµ = H
′
1 δ
ν
µ +
∂Fν1
∂yµ
−
∂Fν1
∂ΦI
∂ΦI
∂yµ
−
∂Fν1
∂X i
∂X i
∂yµ
− δνµ
(
∂Fk1
∂yk
−
∂Fk1
∂ΦI
∂ΦI
∂yk
−
∂Fk1
∂X i
∂X i
∂yk
)
.
Inserting now the transformation rules for the new variables from Eq. (34), this gives
T νµ = H
′
1 δ
ν
µ +
∂Fν1
∂yµ
+ Π˜νI
∂ΦI
∂yµ
− T˜ νi
∂X i
∂yµ
− δνµ
(
∂Fk1
∂yk
+ Π˜kI
∂ΦI
∂yk
− T˜ ki
∂X i
∂yk
)
= (T νµ )
′ + S νµ , S
ν
µ =
∂Fν1
∂yµ
− δνµ
∂Fk1
∂yk
.
The value of the extended energy-momentum tensor T νµ is thus maintained under the
canonical transformation generated by Fν1 up to the tensor S νµ . The divergence of S νµ
obviously vanishes identically
∂S jµ
∂yj
=
∂2F j1
∂yµ∂yj
− δjµ
∂2Fk1
∂yk∂yj
≡ 0.
As stated beforehand, the energy momentum tensor T νµ is determined by the Hamiltonian
H1 only up to divergence-free functions. Therefore, we can always add the divergence-free
tensor S νµ to (T
ν
µ )
′ without modifying its physical significance. The transformation rule for
the extended energy-momentum tensor is then finally given by
T νµ = (T
ν
µ )
′,
which exhibits the consistency of the canonical transformation formalism.
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5. General local U(N) gauge transformation in the extended canonical formalism
5.1. External gauge field
A given dynamical system whose dynamics follows from a conventional Hamiltonian density
H is described equivalently in the extended formalism by the trivial extended Hamiltonian,
defined by Eq. (22),
H1 = H det Λ− t˜
β
α
∂xα
∂yβ
, (38)
with t˜ βα the energy-momentum tensor density and −∂xα/∂yβ its dual counterpart from
Eq. (19). We assume the extended Hamiltonian H1 to be form-invariant under the global
gauge transformation
Φ = Uφ, Φ = φU †.
In component notation with complex numbers uIK ∈ C, this means
ΦI = uIKφK , ΦI = φKuKI , (39)
with U a unitary matrix in order to warrant the norm φφ to be invariant,
UU † = U †U = 1, ΦΦ = φU †Uφ = φφ,
hence
uJK uKI = δJI , uJK uKI = δJI ,
ΦIΦI = φJuJI uIKφK = φJ δJKφK = φJφJ .
The transformation (39) of the fields is generated by the following extended generating
function of type Fµ2
F
µ
2 = Π˜
µ
U φ+ φU † Π˜
µ
− T˜ µα g
α(x)
= Π˜
µ
KuKJ φJ + φK uKJ Π˜
µ
J − T˜
µ
α g
α(x). (40)
The function gν(x) defines an identical transformation of the space-time event xµ(y) = Xµ(y)
for gµ(x) = xµ and, correspondingly, a non-trivial mapping xµ(y) 7→ Xµ(y) otherwise.
For the particular case of U = U(x) being explicitly xµ-dependent, the generating
function (40) defines a local gauge transformation. We shall work of the condition for the
dynamical system to be invariant as well under arbitrary local gauge transformations. For the
particular generating function (40), the general transformation rules from Eq. (37) give rise of
the specific rules
p˜i
µ
I =
∂Fµ2
∂φI
= Π˜
µ
KuKJ δJI , ΦIδ
µ
ν =
∂Fµ2
∂Π˜νI
= φKuKJ δJI δ
µ
ν
p˜iµI =
∂Fµ2
∂φI
= δIKuKJΠ˜
µ
J , ΦIδ
µ
ν =
∂Fµ2
∂Π˜
ν
I
= δµν δIKuKJφJ
Xβδµν = −
∂Fµ2
∂T˜ νβ
= δµν δ
β
α g
α(x), H′1 = H1
t˜ µν = −
∂Fµ2
∂xν
= −Π˜
µ
K
∂uKJ
∂xν
φJ − φK
∂uKJ
∂xν
Π˜µJ + T˜
µ
α
∂gα(x)
∂xν
.
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The complete set of transformation rules — all referring to the same space-time event y — is
then
p˜i
µ
I = Π˜
µ
J uJI , p˜i
µ
I = uIJ Π˜
µ
J , φI = uIJ ΦJ , φI = ΦJ uJI
Π˜µI = uIJ p˜i
µ
J , Π˜
µ
I = p˜i
µ
J uJI , ΦI = φJuJI , ΦI = uIJφJ
Xν = gν(x),
t˜ βα
∂xα
∂yβ
= T˜ βα
∂Xα
∂yβ
− Π˜
β
K
∂uKI
∂yβ
uIJΦJ − ΦK uKI
∂uIJ
∂yβ
Π˜βJ . (41)
The transformation of the energy-momentum tensor densities follows from the corresponding
rule of Eqs. (41)
T˜ βα
∂Xα
∂yβ
− t˜ βα
∂xα
∂yβ
=
(
Π˜
α
KΦJ − ΦK Π˜
α
J
) ∂uKI
∂yα
uIJ . (42)
According to Eq. (35) this means that the form of the Hamiltonian H is not conserved if
the uKI depend on the xµ. This implies that the canonical field equations are not invariant
under local gauge transformations Φ = U(x)φ, which is unphysical. In order to work out the
physically correct Hamiltonian H¯ that is form-invariant under local gauge transformations, we
must adjoin the HamiltoniansH andH′ with appropriate terms that compensate the additional
terms emerging from the gauge transformation being local. Thus, the amended Hamiltonians
H¯ and H¯′ must be of the form
H¯ det Λ = H det Λ + iq
(
p˜i
α
KφJ − φK p˜i
α
J
)
aKJα
H¯′ det Λ′ = H′ det Λ′ + iq
(
Π˜
α
KΦJ − ΦK Π˜
α
J
)
AKJα.
Herein, q ∈ R denotes an as yet unspecified real coupling constant. Submitting the
amended Hamiltonians to the canonical transformation generated by (40), the general rule
for conventional Hamiltonians from Eq. (35) yields with Eq. (42)
H¯′ det Λ′ − H¯ det Λ = T˜ βα
∂Xα
∂yβ
− t˜ βα
∂xα
∂yβ
=
(
Π˜
α
KΦJ − ΦK Π˜
α
J
) ∂uKI
∂yα
uIJ ,
and hence
H′ det Λ′ −H det Λ +
(
Π˜
α
KΦJ − ΦK Π˜
α
J
)(
iq AKJα −
∂uKI
∂yα
uIJ
)
!
=
(
p˜i
α
KφJ − φK p˜i
α
J
)
iq aKJα
=
(
Π˜
α
KΦJ − ΦK Π˜
α
J
)
uKI iq aILβ uLJ . (43)
Provided that the original system HamiltonianH is invariant if expressed in terms of the new
fields, thenH′ det Λ′ = H det Λ. The transformation rule for the gauge fields follows as
AKJµ(y) = uKI aILµ(y) uLJ +
1
iq
∂uKI
∂yµ
uIJ . (44)
It coincides with the conventional transformation rule for gauge fields where the space-time
geometry is static by assumption. Under the precondition that the gauge fields transform
according to Eq. (44), the form-invariant Hamiltonian H¯ is given by
H¯ det Λ = H det Λ + iq
(
p˜i
α
KφJ − φK p˜i
α
J
)
aKJα. (45)
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Due to the fact that the product bKJα = ∂uKI/∂yα uIJ is skew-Hermitian in the indexes K, J ,
bJKα =
∂uJI
∂yα
uIK = uKI
∂uIJ
∂yα
= −
∂uKI
∂yα
uIJ = −bKJα,
the N × N matrices of 4-vector gauge fields, aKJ and AKJ , must be Hermitian. With the
Hamiltonian (45), the Hermitian N × N matrix of 4-vector gauge fields aKJ is treated as a
set of background fields whose dynamics are not covered. In order to include the dynamics of
the fields aKJ into the system’s description provided by the Hamiltonian, we must amend the
generating function (40) to also describe their transformation rule from Eq. (44).
5.2. Including the gauge field dynamics under variable space-time metric
The Hermitian gauge field matrix aIJ(y) embodies a set of complex 4-vector fields and hence
constitutes on its part a physical quantity. Therefore, its transformation property must also
comply with the canonical transformation rules. The transformation property of the gauge
fields can be described by amending the generating function from Eq. (40) as follows
F
µ
2 = Π˜
µ
U φ+ φU † Π˜
µ
− T˜ µα g
α(x) + P˜
αµ
(
UaˆαU
† +
1
iq
∂U
∂yα
U †
)
(46)
= Π˜
µ
KuKJ φJ + φK uKJ Π˜
µ
J − T˜
µ
α g
α(x) + P˜ αµJK
(
uKI aILα uLJ +
1
iq
∂uKI
∂yα
uIJ
)
.
The functions P˜ αµJK contained herein denote formally the canonical conjugate quantities of the
transformed gauge field components, AKJα. The additional transformation rules derived from
the amended generating function (46) are
δµνAKJα =
∂Fµ2
∂P˜ ανJK
= δµν
(
uKI aILα uLJ +
1
iq
∂uKI
∂yα
uIJ
)
p˜βµNM =
∂Fµ2
∂aMNβ
= P˜ αµJKuKI δIM δLN δ
β
α uLJ = uNJ P˜
βµ
JK uKM
t˜ µν = −
∂Fµ2
∂xν
= −Π˜
µ
K
∂uKJ
∂xν
φJ − φK
∂uKJ
∂xν
Π˜µJ + T˜
µ
α
∂gα
∂xν
− P˜ αµJK
[
∂uKI
∂xν
aILα uLJ + uKIaILα
∂uLJ
∂xν
+
1
iq
∂uKI
∂yα
∂uIJ
∂xν
+
1
iq
∂
∂xν
(
∂uKI
∂yα
)
uIJ
]
.
(47)
The canonical transformation obviously reproduces the required transformation rule for
the gauge fields from Eq. (44) as the amended generating function (46) was deliberately
constructed accordingly. In contrast to the gauge fields aIJν , their canonical momenta, pνµJI
transform homogeneously. In order to set up the transformation equation for the Hamiltonians
according to Eq. (35), we must calculate from (47) the contraction t˜ βα ∂xα/∂yβ
T˜ βα
∂Xα
∂yβ
− t˜ βα
∂xα
∂yβ
=
(
Π˜
β
KΦJ − ΦK Π˜
β
J
)
∂uKI
∂yβ
uIJ
+ P˜ αβJK
(
∂uKI
∂yβ
aILα uLJ + uKIaILα
∂uLJ
∂yβ
+
1
iq
∂uKI
∂yα
∂uIJ
∂yβ
+
1
iq
∂2uKI
∂yα∂yβ
uIJ
)
.
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The second derivative term is symmetric in the indexes α and β. We therefore split P˜ αβJK into
a symmetric P˜ (αβ)JK and a skew-symmetric P˜
[αβ]
JK part in α and β
P˜ αβJK = P˜
(αβ)
JK + P˜
[αβ]
JK , (48)
where
P˜
[αβ]
JK =
1
2
(
P˜ αβJK − P˜
βα
JK
)
, P˜
(αβ)
JK =
1
2
(
P˜ αβJK + P˜
βα
JK
)
.
The product of the second partial derivative term with P˜ [αβ]JK vanishes
P˜
[αβ]
JK
∂2uKI
∂yα∂yβ
≡ 0.
The transformation of the energy-momentum tensors then splits into three groups of terms
T˜ βα
∂Xα
∂yβ
− t˜ βα
∂xα
∂yβ
=
(
Π˜
α
KΦJ − ΦK Π˜
α
J
) ∂uKI
∂yα
uIJ
+ P˜
[αβ]
JK
(
∂uKI
∂yβ
aILα uLJ + uKIaILα
∂uLJ
∂yβ
+
1
iq
∂uKI
∂yα
∂uIJ
∂yβ
)
+ P˜
(αβ)
JK
(
∂uKI
∂yβ
aILα uLJ + uKIaILα
∂uLJ
∂yβ
+
1
iq
∂uKI
∂yα
∂uIJ
∂yβ
+
1
iq
∂2uKI
∂yα∂yβ
uIJ
)
.
The uKI-dependence of the terms involving the fields ΦI and their conjugates, Π˜
µ
I , can be
replaced according to Eq. (43) by a gauge field dependence(
Π˜
α
KΦJ − ΦK Π˜
α
J
) ∂uKI
∂yα
uIJ
=
(
Π˜
α
KΦJ − ΦK Π˜
α
J
)
iq AKJα −
(
p˜i
α
KφJ − φK p˜i
α
J
)
iq aKJα.
In the second group, the uKI-dependence of the terms proportional to P˜ [βα]JK can be eliminated
by means of the transformation rule (44) for the gauge fields, which reads, equivalently
∂uKI
∂yµ
= iq (AKJµuJI − uKJ aJIµ)
∂uIJ
∂yµ
= iq (aIKµ uKJ − uIKAKJµ) .
In conjunction with the transformation rule for the canonical momenta p˜νµJK from Eqs. (47),
one finds
P˜
[αβ]
JK
(
∂uKI
∂yβ
aILα uLJ + uKLaLIα
∂uIJ
∂yβ
+
1
iq
∂uKI
∂yα
∂uIJ
∂yβ
)
= iq P˜
[αβ]
JK (−AKIαAIJβ + uLJuKN aNIα aILβ)
= iq p˜
[αβ]
JK aKIα aIJβ − iq P˜
[αβ]
JK AKIαAIJβ
= 1
2
iq p˜αβJK (aKIα aIJβ − aKIβ aIJα)−
1
2
iq P˜ αβJK (AKIαAIJβ −AKIβ AIJα) .
Finally, the uKI-dependence of the terms proportional to P˜ (αβ)JK can be eliminated as well by
means of both the canonical transformation rules for the gauge fields (44) and that for the
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momenta from equations (47)
P˜
(αβ)
JK
(
∂uKI
∂yβ
aILα uLJ + uKIaILα
∂uLJ
∂yβ
+
1
iq
∂uKI
∂yα
∂uIJ
∂yβ
+
1
iq
∂2uKI
∂yα∂yβ
uIJ
)
= P˜
(αβ)
JK
(
∂AKJα
∂yβ
− uKI
∂aILα
∂yβ
uLJ
)
= 1
2
P˜ αβJK
(
∂AKJα
∂yβ
+
∂AKJβ
∂yα
)
− 1
2
p˜αβJK
(
∂aKJα
∂yβ
+
∂aKJβ
∂yα
)
= 1
2
P˜ αβJK
(
AKJα;β + AKJβ;α + 2Γ
′ ξ
αβAKJξ
)
− 1
2
p˜αβJK
(
aKJα;β + aKJβ;α + 2Γ
ξ
αβaKJξ
)
.
Note that the µ, ν-symmetric sum of the partial derivatives of the gauge fields does not
transform like a tensor under space-time transformations y 7→ x. Corresponding to the
procedure of introducing a gauge field aKJ in Eq. (45), this means that we must regard Γξαβ
as another “gauge field”.
In all three groups of terms, the crucial requirement for gauge invariance is satisfied,
namely that both the emerging terms no longer depend on the uKI and that all of these terms
appear in a symmetric form in with opposite sign the original and the transformed canonical
variables. Summarizing, the transformation of the energy-momentum tensor is given by
T˜ βα
∂Xα
∂yβ
− t˜ βα
∂xα
∂yβ
= iq
(
Π˜
α
KΦJ − ΦK Π˜
α
J
)
AKJα − iq
(
p˜i
α
KφJ − φK p˜i
α
J
)
aKJα
− 1
2
iq P˜ αβJK (AKIαAIJβ − AKIβ AIJα) +
1
2
iq p˜αβJK (aKIα aIJβ − aKIβ aIJα)
+ 1
2
P˜ αβJK
(
AKJα;β + AKJβ;α + 2Γ
′ ξ
αβAKJξ
)
− 1
2
p˜αβJK
(
aKJα;β + aKJβ;α + 2Γ
ξ
αβaKJξ
)
.
Defining a second amended Hamiltonian H¯ as
H¯ det Λ = H det Λ + iq
(
p˜i
α
KφJ − φK p˜i
α
J
)
aKJα (49)
− 1
2
iq p˜αβJK
(
aKIαaIJβ − aKIβaIJα
)
+ 1
2
p˜αβJK
(
aKJα;β + aKJβ;α + 2Γ
ξ
αβaKJξ
)
,
this Hamiltonian transforms, as usual, according to
H¯′ det Λ′ − H¯ det Λ = T˜ βα
∂Xα
∂yβ
− t˜ βα
∂xα
∂yβ
,
and thus yields the transformed second amended Hamiltonian
H¯′ det Λ′ = H det Λ + iq
(
Π˜
α
KΦJ − ΦKΠ˜
α
J
)
AKJα
− 1
2
iqP˜ αβJK
(
AKIαAIJβ − AKIβAIJα
)
+ 1
2
P˜ αβJK
(
AKJα;β + AKJβ;α + 2Γ
′ ξ
αβAKJξ
)
.
The Hamiltonian (49) is obviously form-invariant under the extended canonical transforma-
tion that is generated by Fµ2 from Eq. (46), provided that the original system Hamiltonian H
is invariant if expressed in terms of the new canonical variables, H′ det Λ′ = H det Λ. With
the partial derivatives replaced by covariant derivatives, this result corresponds to that of the
conventional gauge theory, which is worked out on the basis of a fixed Minkowski metric,
hence a vanishing space-time curvature.
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The transformation rule under changes of the space-time location for the Christoffel
symbol Γξαβ contained in Eq. (49) is given by
Γ′ ηµν(y) = Γ
ξ
κλ(x)
∂yη
∂xξ
∂xκ
∂yµ
∂xλ
∂yν
+
∂yη
∂xξ
∂2xξ
∂yµ∂yν
. (50)
Similar to the case of the amended Hamiltonian (45) with external 4-vector gauge fields aKJ ,
the Hamiltonian (49) treats the Christoffel symbols as a set of external coefficients whose
dynamics are not covered. In order to also include the dynamics of space-time curvature into
the system’s description provided by the Hamiltonian, we must further amend the generating
function (46) to also describe the transformation rule of the Christoffel symbols under changes
of the space-time location.
5.3. Including the space-time curvature dynamics
In the extended Hamiltonian formalism, the space-time variables xµ and their conjugates, the
elements of the energy-momentum tensor density t˜ νµ are treated as dynamical variables, in
formal similarity to the description of the fields and their canonical conjugates. We now
further amend the extended generating function (46) by adding exactly those terms that
describe the transformation of the Christoffel symbols from Eq. (50) due to a transformation
of the space-time location
F
µ
2 = Π˜
µ
KuKJ φJ + φK uKJ Π˜
µ
J − T˜
µ
α g
α(x) + P˜ αµJK
(
uKI aILα uLJ +
1
iq
∂uKI
∂yα
uIJ
)
+ q′R˜′ αβµη
(
Γξκλ
∂yη
∂xξ
∂xκ
∂yα
∂xλ
∂yβ
+
∂yη
∂xξ
∂2xξ
∂yα∂yβ
)
. (51)
This means that the Christoffel symbols Γηαβ are now treated as canonical variables of the
original system. The quantities R˜ αβµη are formally introduced to represent their canonical
conjugates. The primed quantities then refer to a transformed space-time location. Moreover,
a new coupling constant q′ has to be defined in order to match the dimensions of all terms.
The generating function Fµ2 and newly introduced variables are measured in units of
dimFµ2 = energy · length
−2, dimR αβµη = length
−2, dimΓξκλ = length
−1.
Consequently, the dimension of the coupling constant q′ is
dim q′ = energy · length.
The additional transformation rules derived from the second amended generating function
(51) are
δµν Γ
′ η
αβ =
∂Fµ2
∂(q′R˜′ αβνη )
= δµν
(
Γξκλ
∂yη
∂xξ
∂xκ
∂yα
∂xλ
∂yβ
+
∂2xξ
∂yα∂yβ
∂yη
∂xξ
)
F
µ
2 (x) = F
σ
2 (y)
∂xµ
∂yσ
R˜ κλµξ =
∂Fµ2 (x)
∂(q′Γξκλ(x))
= R˜′ αβση
∂yη
∂xξ
∂xκ
∂yα
∂xλ
∂yβ
∂xµ
∂yσ
,
Generalized U(N) gauge theory 20
hence
Γ′ ηαβ = Γ
ξ
κλ
∂yη
∂xξ
∂xκ
∂yα
∂xλ
∂yβ
+
∂yη
∂xξ
∂2xξ
∂yα∂yβ
R˜ κλµξ = R˜
′ αβσ
η
∂yη
∂xξ
∂xκ
∂yα
∂xλ
∂yβ
∂xµ
∂yσ
.
Obviously, the first canonical transformation rule reproduces the desired rule for the
Christoffel symbols from Eq. (50). The second canonical transformation rule for the conjugate
quantities R˜ αβµη just depicts the transformation rule for a mixed (3, 1) tensor under an
arbitrary change of the frame of reference, which shows that R˜ αβµη is a tensor — in contrast
to the Γξκλ, which do not transform like a tensor.
It remains to derive the transformation rule for the Hamiltonians by calculating the xν
derivative of all non-canonical variables that are contained in the second amended generating
function (51), followed by the contraction with ∂xν/∂yµ
t˜ µν
∂xν
∂yµ
= −
∂Fµ2
∂xν
∂xν
∂yµ
= T˜ µα
∂gα
∂yµ
−
(
Π˜
µ
K ΦJ − ΦK Π˜
µ
J
) ∂uKI
∂yµ
uIJ
− P˜ αβJK
(
∂uKI
∂yβ
aILα uLJ + uKI aILα
∂uLJ
∂yβ
+
1
iq
∂uKI
∂yα
∂uIJ
∂yβ
+
1
iq
∂2uKI
∂yα∂yβ
uIJ
)
− q′R˜′ αβµη
[
Γξκλ
(
∂2yη
∂xξ∂xν
∂xν
∂yµ
∂xκ
∂yα
∂xλ
∂yβ
+
∂2xκ
∂yα∂yµ
∂yη
∂xξ
∂xλ
∂yβ
+
∂2xλ
∂yβ∂yµ
∂yη
∂xξ
∂xκ
∂yα
)
+
∂3xξ
∂yα∂yβ∂yµ
∂yη
∂xξ
+
∂2xξ
∂yα∂yβ
∂2yη
∂xξ∂xν
∂xν
∂yµ
]
, (52)
hence
T˜ βα
∂Xα
∂yβ
− t˜ βα
∂xα
∂yβ
=
(
Π˜
β
KΦJ − ΦK Π˜
β
J
)
∂uKI
∂yβ
uIJ
+ P˜ αβJK
(
∂uKI
∂yβ
aILα uLJ + uKIaILα
∂uLJ
∂yβ
+
1
iq
∂uKI
∂yα
∂uIJ
∂yβ
+
1
iq
∂2uKI
∂yα∂yβ
uIJ
)
+ q′R˜′ αβµη
[
Γξκλ
(
∂2yη
∂xξ∂xν
∂xν
∂yµ
∂xκ
∂yα
∂xλ
∂yβ
+
∂2xκ
∂yα∂yµ
∂yη
∂xξ
∂xλ
∂yβ
+
∂2xλ
∂yβ∂yµ
∂yη
∂xξ
∂xκ
∂yα
)
+
∂3xξ
∂yα∂yβ∂yµ
∂yη
∂xξ
+
∂2xξ
∂yα∂yβ
∂2yη
∂xξ∂xν
∂xν
∂yµ
]
.
The terms in the first two lines were already discussed in the previous subsection. The sum
proportional to R′ αβµη simplifies if we assume this tensor to be skew-symmetric in its indexes
β and µ, i.e. R˜′ αβµη = −R˜′ αµβη . All terms that are symmetric in β, µ then vanish, in particular
the third order derivative term. Moreover, the entire expression can now be expressed through
Christoffel symbols
R˜′ αβµη
[
Γξκλ
(
∂2yη
∂xξ∂xν
∂xν
∂yµ
∂xκ
∂yα
∂xλ
∂yβ
+
∂2xκ
∂yα∂yµ
∂yη
∂xξ
∂xλ
∂yβ
+
✘✘
✘✘
✘✘
✘✘
✘∂2xλ
∂yβ∂yµ
∂yη
∂xξ
∂xκ
∂yα
)
+
✘✘
✘✘
✘✘
✘✘∂3xξ
∂yα∂yβ∂yµ
∂yη
∂xξ
+
∂2xκ
∂yα∂yβ
∂2yη
∂xκ∂xν
∂xν
∂yµ
]
= R˜′ αβµη
[
Γξκλ
{ (
Γτξσ
∂yη
∂xτ
∂xσ
∂yµ
− Γ′ ητµ
∂yτ
∂xξ
)
∂xκ
∂yα
∂xλ
∂yβ
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+
(
Γ′ ταµ
∂xκ
∂yτ
− Γκτσ
∂xτ
∂yα
∂xσ
∂yµ
)
∂yη
∂xξ
∂xλ
∂yβ
}
+
(
Γ′ ταβ
∂xκ
∂yτ
− Γκτσ
∂xτ
∂yα
∂xσ
∂yβ
)(
Γξκζ
∂yη
∂xξ
∂xζ
∂yµ
− Γ′ ηξµ
∂yξ
∂xκ
)]
= R˜ αβµη Γ
ξ
αβ Γ
η
ξµ − R˜
′ αβµ
η Γ
′ ξ
αβ Γ
′ η
ξµ.
In this derivation, the transformation rule (50) for the Christoffel symbols in the forms of
∂2xκ
∂yα∂yβ
= Γ′ ταβ
∂xκ
∂yτ
− Γκτσ
∂xτ
∂yα
∂xσ
∂yβ
∂2yη
∂xξ∂xν
∂xν
∂yµ
= Γτξσ
∂yη
∂xτ
∂xσ
∂yµ
− Γ′ ητµ
∂yτ
∂xξ
was inserted for the second order derivatives. Furthermore, the skew-symmetry condition
R˜′ αβµη = −R˜
′ αµβ
η was used. Again, the crucial requirements for a gauge invariance are
satisfied: the emerging transformation rule for the Hamiltonian could be completely expressed
in terms of the dynamic variables. Furthermore, all these contributions appear in a symmetric
form with opposite sign in the original and the transformed canonical variables,
T˜ βα
∂Xα
∂yβ
− t˜ βα
∂xα
∂yβ
= iq
(
Π˜
α
KΦJ − ΦK Π˜
α
J
)
AKJα − iq
(
p˜i
α
KφJ − φK p˜i
α
J
)
aKJα
− 1
2
iq P˜ αβJK (AKIαAIJβ −AKIβ AIJα) +
1
2
iq p˜αβJK (aKIα aIJβ − aKIβ aIJα)
+ 1
2
P˜ αβJK
(
AKJα;β + AKJβ;α + 2Γ
′ ξ
αβAKJξ
)
− 1
2
p˜αβJK
(
aKJα;β + aKJβ;α + 2Γ
ξ
αβaKJξ
)
− q′R˜′ αβµη Γ
′ ξ
αβ Γ
′ η
ξµ + q
′R˜ αβµη Γ
ξ
αβ Γ
η
ξµ.
On the basis of a given conventional Hamiltonian density H = H(φI , φI , pi
µ
I , pi
µ
I ,x) that is
form-invariant under a global gauge transformation ΦI = uIKφK and under a transformation
of the space-time location, the total locally gauge invariant Hamiltonian is thus finally
obtained as
H¯ det Λ = H det Λ + iq
(
p˜i
α
KφJ − φK p˜i
α
J
)
aKJα − q
′R˜ αβµη Γ
ξ
αβΓ
η
ξµ (53)
− 1
2
iq p˜αβJK (aKIα aIJβ − aKIβ aIJα) +
1
2
p˜αβJK
(
aKJα;β + aKJβ;α + 2Γ
ξ
αβaKJξ
)
,
as this Hamiltonian yields, according to the general transformation law (35)
H¯′ det Λ′ − H¯ det Λ = T˜ βα
∂Xα
∂yβ
− t˜ βα
∂xα
∂yβ
,
a transformed Hamiltonian H¯′ det Λ′ of the same form in all canonical variables.
In order to describe the dynamics of the 4-vector gauge fields aJI , the gauge invariant
Hamiltonian must finally be adjoined by the Hamiltonian
Hf =
1
4
p˜αβJK pKJβα.
Clearly, Hf must be gauge invariant as well in order for the total Hamiltonian to be invariant.
By means of the transformation rule (44) for the canonical momenta pµβNM we get the scalar
expressionHf
p˜αβNM pMNβα =
(
uNJ P˜
αβ
JK uKM
)
(uMI PILβα uLN
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= P˜ αβJKPILβα (uKMuMI) (uLNuNJ)
= P˜ αβJK PILβα δKIδLJ
= P˜ αβJK PKJβα. (54)
The same reasoning applies for a term required to describe the “curvature dynamics”
Hc = −
1
4
q′R˜ αβµη R
η
αβµ.
Collecting all terms together, the final gauge-invariant trivial extended Hamiltonian H1 at
space-time event x emerges as
H¯1 = H det Λ− t˜
β
α
∂xα
∂yβ
+ iq
(
p˜i
α
KφJ − φK p˜i
α
J
)
aKJα +
1
4
p˜αβJK pKJβα
− 1
2
iq p˜αβJK (aKIα aIJβ − aKIβ aIJα) +
1
2
p˜αβJK
(
aKJα;β + aKJβ;α + 2Γ
ξ
αβaKJξ
)
− 1
4
q′R˜ αβµη R
η
αβµ − q
′R˜ αβµη Γ
ξ
αβΓ
η
ξµ. (55)
The subsequent fields equations must be tensor equations in order to hold in any coordinate
system, hence to be form-invariant under transformations of space-time x. Switching to a
fixed Minkowski metric, which means to set the Christoffel symbols and the curvature tensor
elements in the last line to zero, we recover the Hamiltonian of the conventional U(N) gauge
theory (Struckmeier and Reichau 2012).
5.4. Canonical field equations from the gauge-invariant Hamiltonian
The final gauge-invariant Hamiltonian (55) actually represents a trivial extended Hamiltonian.
Therefore, the canonical equations for the xµ and the t˜ νµ are those from Eqs. (27) and
(28), which apply for all extended Hamiltonians H1 that emerge from a conventional
HamiltonianH according to Eq. (22).
5.4.1. Equations for φI , p˜iI The canonical equations involving the original system’s fields
φI , φI and their conjugates are
∂φI
∂xα
∣∣∣∣
H¯
=
∂H¯1
∂p˜i
µ
I
=
∂H
∂piµI
+ iq aIJµφJ
=
∂φI
∂xα
∣∣∣∣
H
+ iq aIJµφJ
∂p˜iαI
∂xα
∣∣∣∣
H¯
= −
∂H¯1
∂φI
= −
∂H
∂φI
det Λ + iq aIJα p˜i
α
J
=
∂piαI
∂xα
∣∣∣∣
H
det Λ + iq aIJαpi
α
J det Λ.
On the other hand, the partial derivative of the tensor density p˜iµI is proportional to the covariant
derivative of the absolute tensor piµI since
∂p˜iαI
∂xα
=
∂piαI
∂xα
det Λ + piαI
∂ det Λ
∂xα
=
(
∂piαI
∂xα
+ Γααβpi
β
I
)
det Λ = (piαI );α det Λ.
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Thus
(piαI );α
∣∣∣
H¯
=
∂piαI
∂xα
∣∣∣∣
H
+ iq aIJαpi
α
J . (56)
This correlation accounts for the usual terminology to refer to the right-hand side of Eq. (56)
as the “covariant derivative”. The pair of canonical field equations implements the “minimum
coupling rule”.
5.4.2. Equations for aLM , p˜LM The correlation of the canonical momenta pµνKJ to the
derivatives of the gauge fields aJKµ follows from the first canonical equation
∂aLMν
∂xµ
=
∂H¯1
∂p˜νµML
= 1
2
pLMµν −
1
2
iq (aLIν aIMµ − aLIµ aIMν) +
1
2
(
∂aLMν
∂xµ
+
∂aLMµ
∂xν
)
.
The pLMνµ now turn out to be skew-symmetric in ν, µ,
pLMµν =
∂aLMν
∂xµ
−
∂aLMµ
∂xν
+ iq (aLIν aIMµ − aLIµ aIMν) . (57)
As the derivatives constitute the curl of aLM , this is a tensor equation and, therefore, holds
in any coordinate system. With p˜αβJK then constituting a skew-symmetric tensor density, the
value of the term p˜αβJK
(
aKJα;β + aKJβ;α + 2Γ
ξ
αβaKJξ
)
in the Hamiltonian (55) is zero. Yet,
this does not mean that this term may be eliminated from the gauge-invariant Hamiltonian
H¯1. For, its partial derivatives with respect to the dynamical variables, p˜αβJK , aKJξ, and Γ
ξ
αβ
do not vanish and hence enter into the respective canonical field equations.
The derivative of H¯1 with respect to aNMµ yields the divergence of p˜µαMN
∂p˜µαMN
∂xα
= −
∂H¯1
∂aNMµ
(58)
= −iq
(
p˜i
µ
NφM − φN p˜i
µ
M
)
− iq (p˜µαMJaJNα − aMJαp˜
µα
JN)− Γ
µ
αβ p˜
αβ
MN .
Because of
p˜µαMN = p
µα
MN det Λ,
∂ det Λ
∂xµ
= Γααµ det Λ
and hence
∂p˜µαMN
∂xα
+ Γµαβ p˜
αβ
MN =
(
∂pµαMN
∂xα
+ Γααβ p
µβ
MN + Γ
µ
αβ p
αβ
MN
)
det Λ = (pµαMN);α det Λ,
we can rewrite Eq. (58) as a tensor equation for the covariant divergence of the absolute tensor
pµνMN
(pµαMN);α = −iq
(
piµNφM − φN pi
µ
M
)
− iq (pµαMJ aJNα − aMJα p
µα
JN) . (59)
5.4.3. Equations for Γµαβ, R αβνµ Imposing on R αβµη the skew-symmetry relation
R αβµη = −R
αµβ
η , R
η
αβµ = −R
η
αµβ ,
the derivative of H¯1 from Eq. (55) with respect to R˜ αβµη emerges as
1
2
(
∂Γηαβ
∂xµ
−
∂Γηαµ
∂xβ
)
=
∂H¯1
∂
(
q′R˜ αβµη
) = −1
2
Rηαβµ −
1
2
(
ΓξαβΓ
η
ξµ − Γ
ξ
αµΓ
η
ξβ
)
. (60)
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Solved for Rηαβµ, this yields
Rηαβµ =
∂Γηαµ
∂xβ
−
∂Γηαβ
∂xµ
+ ΓξαµΓ
η
ξβ − Γ
ξ
αβΓ
η
ξµ, (61)
which is a tensor equation, since we encounter the definition of the Riemann curvature tensor.
Finally, the derivative of H¯1 with respect to Γκτσ yields
∂R˜ τσακ
∂xα
= −
∂H¯1
∂ (q′Γκτσ)
= R˜ τσβα Γ
α
κβ + R˜
αβσ
κ Γ
τ
αβ −
1
q′
p˜τσJKaKJκ.
The last term on the right-hand side induces the coupling of the gauge field aKJκ with the
change of the curvature tensor. The partial derivative of the tensor density R˜ τσακ can be
replaced by the partial derivative of the corresponding absolute tensor R τσακ via
∂R˜ τσακ
∂xα
=
∂R τσακ
∂xα
det Λ + ΓβαβR
τσα
κ det Λ.
Now, the partial derivative of the absolute tensorR τσακ can be combined with all Γ-dependent
terms to form the corresponding covariant derivative,
(R τσακ );α =
∂R τσακ
∂xα
− ΓβκαR
τσα
β + Γ
τ
αβR
βσα
κ + Γ
σ
αβR
τβα
κ︸ ︷︷ ︸
≡0
+ΓβαβR
τσα
κ ,
which finally produces the tensor equation
(R αστκ );α = −
2
q′
pστJK aKJκ. (62)
Evaluating the contraction κ = σ of Eq. (62), the left-hand side represents the covariant
divergence of the Ricci tensor, which can equivalently be expressed as the derivative of the
curvature scalar
(Rατ );α = −
2
q′
pατJK aKJα =
1
2
gταR;α
∂R
∂xµ
= −
4
q′
pJKαµ a
α
KJ . (63)
The matrix of 4-vector gauge fields aKJ times the momentum tensors thus act as the source
of the curvature.
Equation (63) shows how the mechanism to describe massive gauge fields by a locally
gauge-invariant Hamiltonian actually works. Instead of containing the Proca mass term
proportional to the square of the gauge fields, aJKαaαKJ — which cannot be patched up into
local gauge invariance — the final gauge-invariant Hamiltonian (55) depends on the Riemann
curvature tensor, whose divergence is uniquely determined by the gauge fields according to
Eq. (62). Equation (63) now shows that the related curvature scalar R depends on its part
quadratically on the gauge fields aJK . The gauge-invariant Hamiltonian (55) thus depends
indirectly on the square of the gauge fields, and this dependence is intermediated by the
Riemann curvature tensor. As will be shown in the following, the equation for the 4-vector
gauge fields aJK exhibits a term linear in the gauge fields with the Ricci tensor acting as a
mass factor.
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5.5. Fixing of q′
The Proca LagrangianLP describes a massive (spin-1) 4-vector gauge field a (Griffiths 2008)
LP = −
1
16pi
pαβpαβ +
1
8pi
(mc
~
)2
aαa
α, pαβ =
∂aβ
∂xα
−
∂aα
∂xβ
.
The symmetric energy-momentum tensor t νµ corresponding to LP is
t νµ = −
1
4pi
[
pµα pνα −
1
4
δνµ p
βα pβα +
(mc
~
)2 (
1
2
δνµ aαa
α − aµa
ν
)]
.
The contraction µ = ν yields
t αα = −
1
4pi
(mc
~
)2
aαa
α. (64)
From the mixed-tensor representation of the Einstein equation
Rνµ −
1
2
δνµR =
8piG
c4
t νµ ,
the equation for the curvature scalar R follows from the contraction µ = ν
R = −
8piG
c4
t αα .
Inserting the contracted Proca energy-momentum tensor from Eq. (64) yields
R = 2G
(m
~c
)2
aαa
α. (65)
The admissible gauge of aµ(x)
∂aµ
∂xν
= −
∂aν
∂xµ
, pµν =
∂aν
∂xµ
−
∂aµ
∂xν
= 2
∂aν
∂xµ
generates exactly the required six independent components of the skew-symmetric 4× 4 field
tensor pµν from the derivatives of aµ. With this gauge, the partial xµ-derivative of Eq. (65)
∂R
∂xµ
= 2G
(m
~c
)2 ∂
∂xµ
(aαa
α) = −2G
(m
~c
)2
pαµa
α
can now be compared with Eq. (63)
∂R
∂xµ
= −
4
q′
pαµa
α
in order to fix the coupling constant q′,
4
q′
= 2G
(m
~c
)2
.
We observe that the derivative of the contracted Einstein equation (65) for the not gauge-
invariant Proca system agrees with the field equation (63) that was derived from the gauge-
invariant Hamiltonian (55).
Equation. (63) is now given by the tensor equation
∂R
∂xµ
= −
2Gm2
~2c2
pαµa
α = −
m2
m2P
2
~c
pαµa
α,
with the numerical value of the fundamental constants in SI units amounting to
G
~2c2
= 6.670× 1040 m−3 kg−3 s2,
√
~c
G
= mP = 2.176× 10
−8 kg
and mP denoting the Planck mass.
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5.6. The emerging of a mass term
In the coupled set of field equations, the term describing a massive gauge field is given by
the particular term that is linear in the gauge field aKJ with no other field variables involved.
Such a term emerges in a second-order equation for the gauge fields that comes forth if the
momentum fields pµνMN in Eq. (58) are eliminated according to Eq. (57)
(pµνMN);ν = −iq
(
piµNφM − φN pi
µ
M
)
− iq (pµνMJaJNν − aMJνp
µν
JN)
pµνMN = g
µαgνβ (aMNβ;α − aMNα;β) + iq (a
ν
MJ a
µ
JN − a
µ
MJ a
ν
JN) .
Explicitly, the covariant divergence of pµνMN is
(pµνMN);ν = g
µαgνβ (aMNβ;α;ν − aMNα;β;ν) + iq(a
ν
MJ a
µ
JN − a
µ
MJ a
ν
JN);ν
= gµαgνβ
[
aMNβ;ν;α − aMNα;ν;β + aMNξ
(
Rξβαν − R
ξ
αβν
)]
+ iq(aνMJ a
µ
JN − a
µ
MJ a
ν
JN);ν
= aMNξR
ξµ + gµαaνMN ;ν;α − g
νβaµMN ;ν;β + iq(a
ν
MJ a
µ
JN − a
µ
MJ a
ν
JN );ν .
The mass term in the field equation for the gauge fields thus follows from the curvature of
space-time, which is, in turn, induced by the gauge fields according to Eq. (63).
The above expression for (pµνMN);ν has to be equated with the canonical field equation
(59) to yield the second-order field equation for the gauge fields
aMNαR
αµ +
(
gµβaαMN ;α − g
αβaµMN ;α
)
;β
+ iq(aαMJ a
µ
JN − a
µ
MJ a
α
JN);α
+ iq
(
piµNφM − φN pi
µ
M
)
+ iq (pµαMJaJNα − aMJαp
µα
JN) = 0, (66)
with pMJβα given by Eq. (57).
6. Conclusions
With the present paper, we have worked out a consistent treatise of the extended canonical
formalism in the realm of covariant Hamiltonian field theory. On that basis, the conventional
principle of local gauge invariance was extended to also require form-invariance of the
system’s Hamiltonian under variations of the space-time metric. We thus encounter three
additional terms in the extended gauge-invariant Hamiltonian that describe the dynamics of
the space-time metric. These terms correspond to the three terms involving the gauge fields
and their canonical conjugates that are well-known from conventional U(N) gauge theory.
We thereby also explain the peculiar formal similarities between non-Abelian gauge theories
and general relativity (Ryder 2009). In the subsequent set of canonical field equations, the
matrix of 4-vector gauge fields, aJK , acts as the source of the Riemann curvature tensor’s
variation. With this equation, general relativity is incorporated in a natural way into gauge
theory and thereby extends the conventional gauge formalism which is merely based on
introducing gauge fields within a static Minkowski spacetime. In the extended description,
where transformations of the space-time metric are included, the existence of massive gauge
fields no longer breaks the requirement of local gauge invariance. Rather, the gauge fields act
as a source of space-time curvature, which in turn appears as a factor in the mass term in the
second order equation for the gauge fields. With this approach being entirely new, important
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issues such as a discussion of the solutions of the new field equations and the renomalizability
of the corresponding quantized theory have to be left to further investigation.
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